We study primordial perturbations from hyperinflation, proposed recently and based on a hyperbolic fieldspace. In the previous work, it was shown that the field-space angular momentum supported by the negative curvature modifies the background dynamics and enhances fluctuations of the scalar fields qualitatively, assuming that the inflationary background is almost de Sitter. In this work, we confirm and extend the analysis based on the standard approach of cosmological perturbation in multi-field inflation. At the background level, to quantify the deviation from de Sitter, we introduce the slow-varying parameters and show that steep potentials, which usually can not drive inflation, can drive inflation. At the linear perturbation level, we obtain the power spectrum of primordial curvature perturbation and express the spectral tilt and running in terms of the slowvarying parameters. We show that hyperinflation with power-law type potentials has already been excluded by the recent Planck observations, while exponential-type potential with the exponent of order unity can be made consistent with observations as far as the power spectrum is concerned. We also argue that, in the context of a simple D-brane inflation, the hyperinflation requires exponentially large hyperbolic extra dimensions but that masses of Kaluza-Klein gravitons can be kept relatively heavy.
I. INTRODUCTION
Cosmic inflation is widely believed to be the most plausible explanation for the origin of temperature fluctuations of the cosmic microwave background (CMB) and large scale structure (LSS) of the Universe [1] [2] [3] [4] (see e.g. [5, 6] for reviews). From the recent Planck observations, the primordial density perturbations generated during inflation that are almost scale-invariant and Gaussian is strongly supported by recent Planck observations [7, 8] . This is consistent with the prediction of the simplest single-field inflation models, where the inflaton has a canonical kinetic term and a sufficiently flat potential so that it rolls slowly during inflation, and couples minimally to gravity.
Regardless of the phenomenological success, it is still nontrivial to embed the single-field slow-roll inflation into a more fundamental theory (see [9] , for a review). One important concern is related with the fact that the scalar fields are ubiquitous in supergravity or string theory and in some cases, the field other than the inflaton modifies the observable predictions based on the corresponding single-field slow-roll inflation. One attempt to address this concern is spinflation [10] , formulated as a variant of Dirac-Born-Infeld (DBI) inflation [11, 12] , where inflation is driven by the motion of a D-brane. In this model, one field corresponds to the radial coordinate and the other field corresponds to the angular coordinate of the D-brane's position in the internal space. In this model, the dynamics of the inflaton is modified so that instead of rolling straight down to the origin, it orbits around the bottom of the potential, which results in the increase of e-foldings during inflation compared with the single-field inflation considering only the radial motion. Although the idea was very interesting, quantitatively, since the original version of spinflation is based on the flat field-space, the angular momentum is diluted away soon and the increase of e-foldings is not so significant (see however discussions for the cases with an angular direction dependent potential, [13, 14] ).
On the other hand, recently, an interesting extension of spinflation, dubbed "hyperinflation", based on the negatively-curved (hyperbolic) field space, has been proposed [15] . It was shown that in this model, instead of diluted away quickly, the fieldspace angular momentum sourced by the negative curvature modifies the dynamics of the inflaton field drastically, as we will explain in the following. Notice that internal space with negative curvature is also ubiquitous in cosmology based on high energy theories. For example, compact hyperbolic spaces have been considered in the context of the large extra-dimension scenarios in order to render the fundamental gravitational scale as low as TeV without fine-tuning, making use of the altered spectrum of Kaluza-Klein modes [16] [17] [18] [19] [20] [21] . Compactification on compact hyperbolic spaces has been considered also to obtain accelerating cosmological solutions in the context of string theory setups [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] to evade the "no-go" theorem forbidding cosmic acceleration in the standard compactifications with non-negative internal curvature [33, 34] . It can be also shown that a similar setup is derived in the context of the Higgs-dilaton cosmology [35] [36] [37] , multifield inflation with nonminimal couplings [38] [39] [40] [41] , and modular inflation [42] [43] [44] . Furthermore, it is known that the α-attractor scenario [45] , which is extensively studied recently, can be embedded in supergravity based on the negatively-curved Käler manifold [46, 47] . (See also [48, 49] for other interesting cosmological scenarios proposed recently, making use of a negatively-curved field-space.)
In Ref. [15] , it was shown that there exists a consistent background solution supported by the field-space angular momentum and that the model predicts scale-invariant fluctuations of inflaton field with an almost exponential enhancement factor compared with the conventional case by assuming that the inflationary background is almost de Sitter 1 . Therefore, the aim of this paper is to confirm the qualitative statements provided in the previous study and extend the analysis to obtain the power spectrum of curvature perturbation, which makes it possible to compare the theoretical prediction of hyperinflation with the observed temperature fluctuations of CMB, quantitatively. For this purpose, we adopt the standard approach of cosmological perturbation in multi-field inflation with a curved field-space [51] [52] [53] [54] . The rest of this paper is organized as follows. In Sec. II, we present a model and analyze the background dynamics by introducing a parameter, h, which measures the ratio of kinetic energies of the angular and radial fields as well as slow-varying parameters to quantify the deviation from de Sitter spacetime. In Sec. III, after confirming the result in Ref. [15] that the inflaton fluctuation in a de Sitter background is scale-invariant with an enhancement factor which is almost exponential in h compared with the conventional case, we obtain a fitting function relating the amplitude of field fluctuation with h, with which quantitative treatment is possible. In Sec. IV, we obtain the power spectrum of comoving curvature perturbation and constrain the inflaton potential of hyperinflation. Sec. V is devoted to conclusion and discussion. We summarize some technical issues related with the gauge choice in linear cosmological perturbation of multi-field inflation in Appendix A.
II. MODEL AND BACKGROUND DYNAMICS

A. Model
Recently, the author of Ref. [15] , has proposed an interesting model whose action of the scalar fields is given by
where we have introduced the notation, I = 1, 2 and ϕ I = {φ , χ}, φ and χ correspond to the radial and angular directions, respectively, G IJ is the metric of the field-space (φ , χ) and L(> 0) is related with the curvature length of the field-space. This property becomes clear if we start with the field-space (r, χ) whose metric is given by ds 2 rχ = dr 2 + ℓ 2 sinh 2 r ℓ dχ 2 , change the field variable r to φ ≡ M 2 r, where M is the typical mass scale related with this field, and define the new field-space metric by ds
, the form of potential is assumed to be rotationally symmetric with a minimum at φ = 0. Since the value of χ itself is not important from the rotational symmetry of the field-space, we discuss its dynamics in terms of ∂ χ. Notice that since φ corresponds to the radial direction, the range is limited to φ ≥ 0.
In this setup, we can define the angular momentum J χ and the orbital kinetic energy ρ χ of this field-space by
respectively. We can see that for φ ≫ L, where sinh(φ /L) ≃ e φ /L /2, even if ρ χ is not large, J χ can be exponentially large and it is expected that this angular motion in the field-space can give interesting phenomenology in inflation. If we consider sub-Planckian values of the inflaton field φ as suggested by most of stringy setups (except for axion monodromy models [55] 
The same condition L ≪ M Pl is required also by the background dynamics that we shall consider later (see (40) ). To see that φ ≫ L and L ≪ M Pl are in principle possible, let us consider D-branes in 10-dimensional spacetime of the form.
where g
is the metric of a 6-dimensional compact hyperbolic space (I, J, K = 4, · · · , 9), and h = h(X K ) is a positive function often called a warp factor. Upon considering N coincident D3-branes whose world-volume is embedded in the 10-dimensional spacetime as
where x = {x µ } represents coordinates on the brane, the induced metric of the brane world-volume is
and thus the DBI action is
Here,
] is the tension of the N coincident D3-branes, g s is the string coupling, 2πα ′ is the inverse of the string tension and we have defined
Adding the Chern-Simons term and potentials induced by various interactions of the coincident D-branes with other branes and moduli, we obtain the action
where we have ignored terms of O (∂ ϕ) 4 . Considering the radial coordinate r (∈ {X I }) in the extra-dimensions so that γ
IJ dX I dX J = dr 2 + · · · , we now introduce the inflation field φ (∈ {ϕ
and thus
s , where l is the curvature radius of the extra-dimensions and l s ∼ α ′1/2 is the string length. Obviously, the supergravity approximation is justified only if
On the other hand, supposing that all moduli are stabilized above a certain scale sufficiently higher than the Hubble expansion rate during inflation, the 4-dimensional metric g µν is described by the Einstein gravity with the Newton's constant
Here, M 10 is the 10-dimensional Planck scale and V 6 is the volume of the 6-dimensional extra dimensions. Therefore,
This means that L ≪ M Pl holds under the condition (9) if g s N = O(1) and if
For 2-(or 3-) dimensional compact hyperbolic spaces, it is known that the ratio of the area (or volume) to the curvature length squared (or cubic) is determined by the topology of the manifold and takes values from O(1) to ∞. We here assume that a similar statement holds for 6-dimensional compact hyperbolic spaces so that (11) is possible. Indeed, a simple argument [16] leads to a relation among the volume V 6 , the curvature length l and the largest linear dimension r max in the limit r max ≫ l as V 6 /l 6 ≃ exp[5r max /l], which translates to
where φ max is the maximum value of φ . This indicates that V 6 /l 6 O(1) is relatively easy to satisfy. Actually, the relation (12) implies that φ max ≫ L is possible if and only if V 6 /l 6 is exponentially large. On the other hand, masses of Kaluza-Klein gravitons reflect the largest linear dimension r max [16] (instead of the volume V 6 ) and thus can be kept relatively heavy so that the model can pass various phenomenological tests, provided that the radion is properly stabilized [19] .
B. Background dynamics
From the discussion in the previous subsection, we start with the action
The equations of motion for the scalar fields are obtained from the variation of the action with respect to ϕ I as
where ,I denotes the partial derivative with respect to ϕ I . Suppose that the Universe is homogeneous and isotropic with a Friedmann-Robertson-Walker (FRW) metric
where a(t) is the scale factor whose evolution is governed by the Friedmann equations
Here, H ≡ȧ/a is the Hubble expansion rate, a dot denotes a derivative with respect to the cosmic time t. Introducing the acceleration in the curved field-space D tφ I and raising the field index, Eq. (14) becomes
where Γ I JK is the Christoffel symbols associated with the field-space metric G IJ . For the quantities without the field-space indices, D t acts as an ordinary time derivative. For G IJ , the only nonzero and independent components of Γ I JK are
In terms of φ and χ explicitly, Eqs. (18) becomë
where V ,φ ≡ dV /dφ and A is a constant with a dimension of mass, related with the conserved field-space angular momentum, fixed by the initial condition. We will assume thatχ > 0, or equivalently A > 0, which does not lose generality. Since Eq. (17) is obtained from Eqs. (16) , (20) and (21) , the basic equations are given by Eqs. (16) and (20) with the replacement ofχ given by Eq. (21) . Notice that since we have assumed that V (φ ) has a minimum at φ = 0, there is a region with V ,φ > 0 near φ = 0. We will further assume that V ,φ > 0 is kept satisfied until φ ≫ L, where the effect of the curvature of the field-space is significant and we will concentrate on the region with V ,φ > 0. Before analyzing the background dynamics, for later use, we will present the equations of motion of the scalar fields in a different orthonormal basis in field-space based on the adiabatic-entropic decomposition [56, 57] , so thaṫ
Here, the new basis vectors are e I m = {n I , s I }, where n I is the unit vector pointing to the adiabatic direction given by
andσ is the speed of the fields in the field-space, while s I is the entropic unit vector, which is orthogonal to n I ,
The two vectors n I and s I satisfy the orthonormality condition 
In terms of the new components ϕ m , the equations of motion (18) become
Notice that Z mn are antisymmetric by definition as a consequence of the orthonormality condition (25) .
The adiabatic component and the entropic component of Eq. (26) are given bÿ
In the following, we find inflationary solutions and as in the usual slow-roll approximations, we impose the conditions thaṫ φ 2 /2, ρ χ ≪ V in Eq. (16) and |φ | ≪ H|φ | in Eq. (20) . As we will see, since there is possibility that the motion of inflaton is dominated by the angular one and the radial field velocityφ is controlled by the centrifugal force, which should be distinguished from the standard slow-roll, we will call such conditions as slow-varying in the sense that H andφ changes in t very slowly. Furthermore, in order to make the effect of the curvature of the field-space significant, we also restrict ourselves to the region with φ ≫ L, where sinh(φ /L) ≃ e φ /L /2 throughout the rest of the present paper.
Inflationary background with constant ε
With the assumptions mentioned above, the basic equations become
and in order for this equation to hold at any time,
By taking the time derivative of Eq. (30), we can relateφ and H,
where the last equality holds as long as the condition
is satisfied. We will impose the condition (32), for simplicity, from now on. Then, if the potential is steep enough to satisfy
in terms of the parameter h defined by
we can express the time evolution of χ in terms of φ as
which was found in Ref. [15] . Here, we would like to add more about the validity of this solution. Since A is a constant related with the conservation of the angular momentum in the field-space, the two terms in the square root in Eq. (35), V ,φ and H 2 should have the same time-dependence throughout inflation. From Eq. (28), it is possible only for the exponential type potential,
which gives constant h. Therefore, here, we will continue the discussion based on the solution characterized by Eqs. (31), (35) by assuming the exponential type potential and in the next subsubsection, we will consider more general potentials.
In terms of h, the ratio between the kinetic energy of φ and that of χ is given bẏ
and we can express the slow-varying parameter ε as
where we have used Eqs. (28) and (34) to rewrite h in terms of V and V ,φ . Since we have considered the exponential type potential (36), ε is constant and η ≡ε/(Hε) = 0. Therefore, in this case, inflation occurs when 1 ≫ ε and it is obvious that the condition (32) is also satisfied during inflation. Comparing Eq. (38) with the one of the standard single-field slow-roll models
we can see that the inflationary dynamics is not controlled by M Pl , but L, which comes from the fact that the radial motion is driven not by Hubble friction, but by the centrifugal force in this model. Notice that for the same potential and field value, ε is smaller than that would be in the standard single-field slow-roll model if
Since this condition coincides with (33) under the slow-varying approximation, whenever this inflationary solution exists, ε is suppressed compared with the one would-be in standard single-field slow-roll inflation. From the discussions above, for this type of inflation occurs, ε should satisfy 1 ≫ ε > (9L 2 )/(2M 2 Pl ) and for consistency, we must impose the condition,
At the end of subsection II A we have argued that this is in principle possible. Notice that it is well known that in the conventional single-field slow-roll inflation, we can obtain inflation solutions with the potential (36) for 0 < λ < √ 2 [58, 59] . However, in this setup, we can obtain inflationary solutions for
which means that from Eq. (40) we can obtain inflation from a steep potential, which can not drive single-field slow-roll inflation 2 
Inflationary background with time-dependent ε
Although the background solution with an exponential type potential discussed in the previous subsubsection is helpful for the intuitive understanding of the effect of the field-space angular momentum, in general, ε is not constant during inflation. For this purpose, instead of assuming that all three terms in Eq. (29) scale, we will assume that only the last two terms scale, that is,
so that the slow-varying ofφ is realized solely by the effect of the angular momentum. Actually, even under this assumption, as long as the condition (32) is satisfied, we can show that Eq. (31) holds, with which the condition (42) can be rewritten as
For the power-law type potentials V (φ ) ∝ φ n , n > 0, this is a natural assumption since once the condition (33) is satisfied and inflationary starts, as φ goes toward 0,V ,φ /H 2 ∝ 1/φ becomes larger and larger. With this assumption, we can obtain
2 Notice that the appropriate criterion for the flatness of the potential with the curved field-space is given by
Pl for the present model. Eq. (41) with Eq. (40) shows that we can obtain inflation with a potential that is steep based on this criterion. For another interesting model possessing this interesting property, see [60] .
Although these equations seem to be same as Eqs. (35), notice that, here, we have defined h in a different way as
and it is no longer constant. Regardless of this, in the limit (43) , or equivalently h ≫ 1, two definitions (34) and (45) do not give significant difference. Since the expressions ofφ andχ are unchanged in terms of h, Eq. (37) holds in this case, too and from Eqs. (43) and (45), the total kinetic energy is dominated by ρ χ . Then, we can express the slow-varying parameter ε as
which does not change from Eq. (38) . Therefore, the discussion below Eq. (38) also holds and the condition (40) is required for realizing hyperinflation in this case. As a concrete example, for the power-law type potentials,
Since ε is no longer constant, the next-order slow-varying parameter η is nonzero and given by
Since we have already imposed (32), η becomes small as long as ε is small. For the power-law type potentials, 
If we adopt the slow-varying approximations together with Eq. (32), ρ χ ≪ V breaks down when ε ∼ 1, which means that both ε and |η| must be much smaller than 1 during inflation. Notice that we have chosen the parameter L, which is related with the field-space curvature to satisfy Eq. (40) , thus the other slow-roll conditions likeφ 2 /2 ≪ V , 3H|φ | ≪ V ,φ ,φ ≪ V ,φ never break down as long as we assume that the slow-roll background solution holds.
C. Numerical results
Model with V
Here, we show the numerical results to confirm that the solutions describing the inflationary background discussed in the previous subsection are realized. As a first example, we consider a model with
] discussed in subsubsection II B 1. Here, we first express the time evolution of the quantities in terms of a(t) and compare them with numerical results.
From Eq. (35) with Eq. (36), we obtain
From this, we φ can be expressed in terms of a as
Together with Eqs. (21) and (28), we can also obtain the time evolution ofχ(t), H(t) and ε aṡ
where ≃ in the above holds in the limit λ L/M Pl ≪ 1. In the left panel of Fig. 1 , we plot the time evolution of φ in terms of N ≡ ln[a/a(t ini )], which is well approximated by Eq. (51) with an appropriate choice of A. In the right panel of Fig. 1 , we plot the time evolution of ε, in terms of N. Again, we confirm that it is well approximated by (54) , which is constant as we have expected. Although we do not show the numerical results foṙ χ, H, η, we can check that these quantities are also well described by the analytic solutions presented above. 
From Eq. (55), we can relate the time evolution of a and φ by
and this relation can be inverted with the help of the Lambert's W function, satisfying z = W (ze z ),
Together with Eqs. (21) and (28), we can also obtain the time evolution of χ and H in terms of a(t) aṡ
Making use of the formula of the Lambert's W function, dW (z)/dz = W (z)/(z(1 + W (z))), we can obtain ε and η as
where ≃ in the above holds in the limit φ ≫ L and Eqs. (47) and (49) Fig. 2 , we plot the time evolution of φ in terms of N ≡ ln[a/a(t ini )], which is well approximated by Eq. (57) with an appropriate choice of A. In the right panel of Fig. 2 , we plot the time evolution of ε, in terms of N. Again, we confirm that it is well approximated by (59) with an appropriate choice of A. Although we do not show the numerical results forχ, H, η, we can check that these quantities are also well described by the analytic solutions presented above. 
III. DYNAMICS OF THE LINEAR PERTURBATIONS
In this section, we analyze the dynamics of the linear perturbations of the scalar fields. First, we derive the second-order action in subsection. III A and then, we investigate the time evolution and scale-dependence in subsection. III B.
A. Second-order action
The modern approach to derive the second-order action was introduced by [61, 62] , base on the Arnowitt-Deser-Misner (ADM) formalism [63] . In the ADM approach, the metric is written in the form
where N is the lapse function and N i is the shift vector. After substituting (60) into (13), the action can be written as
where R (3) is the scalar curvature of the t = const. hypersurface, h, v I and E i j are defined as
Here, the symbol | denotes the spatial covariant derivative associated with the spatial metric h i j and E i j is proportional to the extrinsic curvature of the t = const. hypersurface. The variation of the action with respect to N yields the energy constraint,
while the variation of the action with respect to the shift N i gives the momentum constraint,
We will study the linear perturbations about the FRW background and from now on we specify h i j = a(t) 2 δ i j , the spatially flat slice, so that the physical degrees of freedom are fully specified. The scalar fields can be decomposed as
whereφ I are background values of the fields and Q I denotes the linear perturbations. In the following, we will simply write the homogeneous value as ϕ I as long as this does not give confusions. We can also write the scalarly perturbed lapse and shift as
At first-order, the momentum constraint implies
where G IJ here is the field-space metric evaluated by the background field values. On the other hand, the energy constraint gives
where we have extended the notation D t ,which is introduced in (18) , to Q I , so that
Now that α and β are expressed by Q I , the physical degrees of freedom are completely encoded in scalar field perturbations Q I . We now expand the action, up to quadratic order in terms of the linear perturbations. By substituting the expression (67) for α, the second-order action for Q I can be written as
where M IJ is the mass matrix whose explicit expression is given by
Here, D I denotes the covariant derivative associated with G IJ , with which we have
and R IKLJ is the Riemann tensor constructed from G IJ and the only nonzero and independent component is
where ≃ holds for φ ≫ L. Changing the time variable to the conformal time τ and introducing the variables u φ , u χ defined by
we can rewrite the above second-order action as
where ′ denotes d/dτ and we have used Eqs. (31) and (35) for the background evolution of φ and χ. If the slow-varying conditions ε ≪ 1, |η| ≪ 1 and V ,φ φ /H 2 ≪ 1 are satisfied and we approximate the background evolution by de Sitter expansion a = −1/(Hτ), we recover the second-order action obtained in Ref. [15] ,
B. Time evolution and scale-dependence of the perturbations of the fields
Once we accept to begin with the action (76), which is valid at leading order in the slow-varying approximation, and assume h is constant, the dynamics of u φ and u χ is already studied in Ref. [15] , and in the first part of this subsection, we will briefly summarize this. Varying the action (76) with respect to u φ , u χ and moving to the Fourier space gives the following:
For these equations, if the terms proportional to 1/τ 2 are negligible, which is valid when the perturbations are well inside the horizon (|kτ| ≫ 1), there are general approximated solutions with integration constants C 1 ∼ C 4 , u χ = C 1 e ikτ+ih log |kτ| + C 2 e ikτ−ih log |kτ| + C 3 e −ikτ+ih log |kτ| + C 4 e −ikτ−ih log |kτ| ,
u φ = iC 1 e ikτ+ih log |kτ| − iC 2 e ikτ−ih log |kτ| + iC 3 e −ikτ+ih log |kτ| − iC 4 e −ikτ−ih log |kτ| .
The constants C 1 ∼ C 4 are fixed by the physical initial conditions and from the quantum field theory in de Sitter spacetime, we should choose them to recover the Bunch-Davies vacuum. As in the case of the slow-roll inflation, if we assume that there is no particles at early times, they are fixed by
On the other hand, if the terms proportional to k 2 are negligible in Eqs. (77) and (78), which is valid when the perturbations are well outside the horizon (|kτ| ≪ 1), there are general approximated solutions with integration constants c 1 ∼ c 4 ,
The superhorizon mode with c 1 is a growing mode and as we will show later, this mode corresponds to the adiabatic perturbation. The mode with c 2 gives the constant shift in χ, but this mode becomes soon irrelevant as the background value of χ grows exponentially in t. The modes with c 3 and c 4 are massive modes and soon decay. From the observational point of view, it is the coefficient c 1 that gives the amplitude of the power spectrum of the primordial curvature perturbation and it is necessary to fix the value with the initial condition (81) imposed subhorizon scales. In Ref. [15] , it was mentioned that the relevant subhorizon mode is the one with C 4 , which get mapped to the mode with c 1 with exponentially large coefficients in h, only by comments. Therefore, from now on, we will check this numerically. For the numerical calculation, since the subhorizon mode with C 3 does not give significant contribution to the superhorizon mode with c 1 , we start with just C 4 = 1/ √ 2k. We normalize the quantities with dimensions by some scale of the wavelength k 0 , which is a free parameter, that is, we introduceτ
First, we calculate the time evolution of the mode functionũ χ for h = 10 andk = 10 −2 with the initial timeτ = −10 5 so that the evolutions of u χ and u φ are well approximated by the analytic solutions (79) and (80). As we show in the left panel of Fig. 3 , on subhorizon scales, the numerical solution (blue) can be well approximated by the analytic solution given by (79) with C 4 = 1/ √ 2k and the other C i s 0 (red), but slightly show the deviation in the amplitude asτ approaches to − √ 2h/k. On the other hand, on superhorizon scales, we confirm that the growing mode ofũ χ behaves as (−τ) −1 , as is given by Eq. (82), in the right panel of Fig. 3 . We can check that the similar behavior is obtained for the mode functionũ φ .
Next, we study the h-dependence of the amplitude of |ũ χ |, which is practically very important to compare with the observations. For this purpose, we normalizeũ χ byũ 0 χ , which is obtained by Eq. (78) with h = 0. Actually,ũ 0 χ is nothing but the usual perturbation of the test scalar field in de Sitter spacetime,
In the left panel of Fig. 4 , we plot the time evolution of |ũ χ | normalized by |ũ 0 χ | fork = 10 −2 and various values of h. We see that atτ =τ late when u χ ∝ (−τ) −1 is realized and we setτ late = −1, there is a h-dependent enhancement ∼ e h . Since it becomes necessary for the quantitative estimation later, we express the enhancement factor g(h) ≡ |ũ χ (τ late )|/|ũ 0 χ (τ late )| as a function of h. As is shown in the right panel of Fig. 4 , for h ≥ 3, we find that log[g(h)] is well fitted by the linear function 3 :
This enhancement exponential in h can be explained by the prolonged duration of the enhancement in the mode function caused by the tachyonic instability, which usually starts atτ ≃ √ 2/k, but in this case starts atτ ≃ √ 2h/k [15] , and since this happens for anyk equally, we expect that (−τ)ũ χ at late time is scale-invariant.
Finally, to confirm this expectation, we calculate the dimensionless power spectra Pũ φ and Pũ χ defined by
multiplied byτ 2 and evaluated atτ late . It is worth mentioning that sincẽ
and the same relation holds forτ 2 Pũ χ , our numerical results do not depend on the choice of k 0 . We calculate them for the modes with k ∈ [10 −3 k 0 , 1.1 × 10 −2 k 0 ]. In Fig. 5 , we plotτ 2 Pũ φ (blue) andτ 2 Pũ χ (red), evaluated atτ =τ late = −1, for h = 4 in the left panel and h = 10 in the right panel. Although we show only the cases with h = 4 and 10, we check that the power spectra are scale-invariant for other values of h. About the amplitude, fromτ 2 Pũ0 χ = 1/(2π) 2 at late time and the relation (85), which is valid for h ≥ 3, we expect that at late timẽ
which gives 90.6 for h = 4 and 5.92 × 10 6 for h = 10. On the other hand, from Eqs. (82) and (83),τ 2 Pũ φ = (9/h 2 )τ 2 Pũ χ at late time, which gives 51.0 for h = 4 and 5.33 × 10 5 for h = 10. We confirm these values for both h. Once we obtain the time-evolution and scale-dependence of u φ and u χ , we can specify those of Q I from (74).
IV. PRIMORDIAL CURVATURE PERTURBATIONS FROM HYPERINFLATION
In the previous section, we have obtained the second-order action, time-evolution and scale-dependence of Q I , which are perturbations of the scalar fields in the spatially-flat gauge and really the physical degrees of freedom. In order to compare this with the observations like CMB, it is necessary to relate Q I to other perturbed quantities describing the metric perturbations, which are also the physical degrees of freedom. In order to do this without picking up unphysical gauge modes, instead of the metric written in the ADM form shown in Sec. III, here, we work with the usual form of the cosmological perturbation, where the most general scalar-type linear perturbation about the flat FRW metric can be expressed as
and we also perturb the fields as
As before, we will usually omit the bar and simply write the homogeneous value as ϕ I , in the following. It is worth mentioning that the analysis based on the ADM metric is equivalent to fix the slice to be the spatially-flat so that ψ = E = 0, δ ϕ I = Q I and set A f = α, aB f = β , where the suffix f denotes the quantity is evaluated on the spatially-flat gauge. Therefore, together with Eq. (A8) the constraint equations (67) and (68) can be rewritten as
In terms of the metric perturbations defined by (89), the familiar Bardeen potentials are given by
which are gauge-invariant from (A3). For the matter, the comoving density perturbations δ ρ m defined by
is gauge-invariant from (A10). Making use of Eqs. (91) and (92), we can relate these gauge-invariant variables as where we have moved to the Fourier space. Eq. (94) can be regarded as a relativistic generalization of the Poisson equation.
Another very important gauge invariant quantity is the comoving curvature perturbation, obtained by
which is proportional to the field fluctuations projected onto the adiabatic direction. Since the comoving curvature perturbation is directly related with the temperature fluctuation of CMB, from now on, we will investigate the time-evolution and scaledependence of the comoving curvature perturbation in hyperinflation whose background dynamics is discussed in Sec. II. Since n I is given by Eq. (23), in terms of Q φ and Q χ , Q σ is expressed by
which gives
Here, we have used Eqs. (74) for the definition of u φ , u χ in terms of Q φ , Q χ and Eqs. (82) and (83) for their behaviors on super Hubble scales. Notice that the expression of the curvature perturbation (97) is same as the standard single-field slow-roll model, although the expressions ofφ and u φ are modified by the influence of the field-space angular momentum. The fact that the primordial perturbations from hyperinflation behave single-field like can be also seen from the following observations. By taking the time derivative of Eq. (95), and combing the equations (A8), (93), (94), (26), we can obtaiṅ
Eq. (98) shows that on sufficiently large scales, where we can ignore the first term, the curvature perturbation is sourced by the field fluctuations projected onto the entropic direction. In hyperinflation, where s I is given by Eq. (24), Q s is expressed by
Notice that Eq. (99) means that not only the curvature perturbation conserves during inflation, but also the information of the growing mode obtained in Eqs. (82) and (83) are fully encoded in the adiabatic perturbation, thus there is no way to generate the curvature perturbations even at the end or after the inflation from the entropy perturbations [64] . Then, the curvature perturbation obtained in Eq. (95) is really related with the temperature fluctuations of CMB and we can express its power spectrum as
where we have used Eq. (88), which is valid for h ≥ 3. p, q are given by Eq. (85) and q is very close to 1. Notice that h is related with ε by Eq. (46) . The spectral index of R is calculated as
where k is given by the horizon crossing condition k = aH and we have used the relation
if the slow-varying approximation is valid. The last ≃ in Eq. (101) holds for h ≫ 9. From the recent Planck observation, the value of n s is constrained by [7] n s = 0.9655 ± 0.0062 (68% C. L. ) .
For the exponential type potential, where ε is constant and η = 0, this constrains the value of ε like ε ≃ 0.017, which in turn restricts the value of λ appeared in the exponential type potential (36) . On the other hand, for other types of potentials, since η is not 0 and it is likely that h ≫ 1, unless we consider a very fine-tuned potential satisfying ε ≫ |η|, the term qhη gives the dominant contribution for the spectral tilt. In this case, the potential must satisfy ε ≪ 1, η < 0 and h|η| ≃ 0.035, which gives very strong constraints on the form of the potential. Regardless the value of h at the scale we observe, which has ambiguity related with how the inflation ends, for the power-law type potentials, it predicts blue tilted spectrum. We also express the running of the power spectrum, which is non-zero except for the exponential type potentials
where again the last ≃ holds for h ≫ 9 and ξ is defined by
which is expressed in terms of the derivatives of the potential
For the power-law type potentials, we can show that
Since hyperinflation with a power-law type potential gives the blue tilted power spectrum with the positive running, it has already been excluded by the recent Planck observations [7] . Furthermore, since we do not change the gravitational part of the action, the amplitude of the primordial gravitational wave is given by the conventional formula, which gives the tensor to scalar ratio
Since r is suppressed exponentially in h, although currently h is not constrained by observations, if the primordial gravitational wave is detected in the near future, regardless of the shape of the potential, hyperinflation with large h will be rejected.
V. CONCLUSIONS AND DISCUSSIONS
Recently, an interesting inflation model, dubbed hyperinflation, based on a hyperbolic field-space has been proposed in Ref. [15] . This model is a generalization of spinflation [10] , where the inflaton fields are related with the position of a Dbrane in the compact internal space, one field (φ ) corresponds to the radial coordinate and the other field (χ) corresponds to an angular coordinate. Contrary to the original spinflation, where the internal space is flat and the field-space angular momentum is diluted away soon, in hyperinflation, since the field-space angular momentum is sourced by the negative curvature, the dynamics of the inflaton is modified drastically. In Ref. [15] , it had been shown that there exists an inflationary background solution supported by the field-space angular momentum and that the model predicts scale-invariant fluctuations of scalar fields with an enhancement factor which is almost exponential in h. Here h is the ratio between the kinetic energies of the two fields χ and φ . Although these results are very interesting and important, since these analysis had been done based on de Sitter background, the relation between the enhanced fluctuations of the inflaton and the curvature perturbation, which is related with the temperature fluctuations of CMB directly, was not trivial. Furthermore, although the origin of the enhancement of the fluctuations had been explained qualitatively, the enhancement factor had not been estimated quantitatively in detail.
Therefore, in order to make it possible to compare the prediction of hyperinflation with observations, we have computed the power spectrum of curvature perturbation by extending the previous study. After presenting the model, we have discussed about the parameter region of L, giving the characteristic scale of the field-space curvature, to illustrate that the setup where the effect of field-space angular momentum is significant is in principle possible in the context of high energy theory. In particular, we have argued that, in the context of a simple D-brane inflation, the hyperinflation requires exponentially large hyperbolic extra dimensions but that masses of Kaluza-Klein gravitons can be kept relatively heavy. We have then studied the background dynamics of hyperinflation. In Ref. [15] , it had been assumed that h is constant at de Sitter background, which can be justified only for a few e-foldings. Regarding this point, we have shown that when the potential is an exponential type in radial direction, h is constant throughout inflation and we have obtained an analytic background solution for this case. For the case with the potentials other than the exponential type, we have shown that h typically increases in time and obtained analytic background solutions in the limit h ≫ 1. For both cases, we have introduced slow-varying parameters to quantify the deviations from de Sitter background and shown that the slow-roll varying parameters are suppressed compared with the conventional ones. This shows that we can obtain inflation from a steep potential, which usually can not drive single-field slow-roll inflation. We have also confirmed the validity of these analytic background solutions numerically for the cases with exponential type and power law type potentials.
We have then analyzed the dynamics of linear perturbations. First we have derived the second-order action in the spatially-flat gauge and recovered the one obtained in Ref. [15] in de Sitter limit. Then, we have numerically confirmed the conclusion of Ref. [15] that the fluctuations of the fields are scale-invariant with an enhancement factor exponential in h, providing a fitting function which relates the amplitude of the scalar fields and h. Based on the fluctuations of the scalar fields in the spatially-flat gauge, performing the gauge transformation to the comoving gauge, which reflects the information of the inflationary background, we have obtained the curvature perturbation. Our main results, the power spectrum of curvature perturbation and its spectral index at leading order in the slow-varying approximation, are shown in Eqs. (100) and (101). From this, it is easy to see that the power spectrum of curvature perturbation in hyperinflation with an exponential type potential (36) , which gives constant ε and vanishing η, is consistent with observations as long as the value of λ (= O(1)) is appropriately chosen. For potentials other than the exponential type, since η is no longer 0 and h is typically much greater than 1, the shape of the potential is very strongly constrained. Especially, for power-law type potentials, hyperinflation predicts blue-tilted spectrum with positive running, and thus has already been excluded by the recent Planck observations [7] . Furthermore, hyperinflation (in the standard Einstein gravity) gives the tensor-to-scalar ratio (108), suppressed exponentially in h. Therefore, if the primordial gravitational wave is detected in the near future, regardless of the shape of the potential, simple models of hyperinflation with large h will be rejected. Although we have adopted the standard approach of cosmological perturbation in multi-field inflation [51] [52] [53] [54] , the resultant behavior of the curvature perturbation has turned out to be single-field like. We can see that the curvature perturbation conserves on large scales, and the expression is given by Eq. (97), which is the same as the standard single-field slow-roll model, although the expressions ofφ and u φ are modified. One might think that this prediction holds only when L ≫ H where the mass of the entropy perturbation is sufficiently heavy as discussed in [65] . However, we have obtained this result not because the mass of the entropic mode is heavy, but because the entropy perturbation decays and is negligible on large scales, as shown by Eq. (99), which means that our prediction holds even for L ≪ H. Obviously, this is related with the fact that, at least at the level of the background, the conservation of the field-space angular momentum completely determines the evolution of χ.
In this paper, since our main purpose is to obtain the quantitative prediction of the primordial curvature perturbation generated during hyperinflation, we have concentrated on the inflationary phase and not discussed how the inflation ends, which is highly model dependent. This is justified as long as the rotational symmetry in the field-space is respected not only during inflation but also at and after the end of inflation so that the end of inflation is controlled by φ and that χ does not couple directly to matter fields. Regardless of this restriction, it is generic that around the end of inflation, ε increases and h becomes large, which means that the power spectrum of the curvature perturbation is highly enhanced on very small scales not observed by CMB and the primordial black holes are easily produced in such situation [66] . Related with this, in this paper we have concentrated on the region φ ≫ L, where the effect of the field-space curvature is important. On the other hand, for L > φ > 0, although the effect of the field-space curvature becomes less significant and the angular momentum is no longer sourced, it takes time for the field-space angular momentum to be diluted away and the background dynamics of the scalar fields is still nontrivial, provided that a sufficiently large field-space angular momentum is prepared during the earlier epoch with φ ≫ L. Therefore, it is worth investigating the background dynamics around and after the end of hyperinflation. Furthermore, we have obtained only the power spectrum of the primordial curvature perturbations in this paper. It seems interesting to consider the effect of higher order perturbations, like non-Gaussianities. Since the perturbations in hyperinflation behaves like those in single-field inflation, it is expected that the local-type bispectrum is suppressed by the slow-roll parameters, from the consistency relation in the single-field slow-roll inflation [61, 67] . However, since the enhancement of the perturbations are based on the prolonged duration for the mode function to experience the tachyonic instability before the horizon exit, the equilateral-type bispectrum [68, 69] may be large in hyperinflation. Concrete computation of the equilateral-type bispectrum may be technically challenging due to the lack of analytic expressions of the mode functions of the scalar fields in the present setup. It is nonetheless worth investigating the way to calculate it. Lastly, for simplicity we have considered scalar fields with canonical kinetic terms in this paper. However, in the original spinflation, scalar fields are related with the position of a D-brane in the compact internal space, which means that it is more realistic to start with the multi-field DBI action [70] [71] [72] if the angular motion of the D-brane is not sufficiently slow in the unit of the local string scale. We would like to leave them for future works.
